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jjj ' Abstract: We find an intriguing link between the symmetries of the tensionless limit of closed 

string theory and the 2-dimensional Galilean Conformal Algebra (2d GCA). 2d GCA has been 
discussed in the context of the non-relativistic limit of AdS/CFT and more recently in flat-space 
CsJ holography as the proposed symmetry algebra of the field theory dual to 3d Minkowski spacetimes. 

^ It is best understood as a contraction of two copies of the Virasoro algebra. In this note, we link 

this to the tensionless limit of bosonic closed string theory. We show how it emerges naturally as a 
C\| contraction of the residual gauge symmetries of the tensile string in the conformal gauge. We also 

discuss a possible "dual" interpretation in terms of a point-particle like limit. 
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1. Introduction 

Conformal field theory (CFT) has been one of the main tools of theoretical physics in recent 
years. After starting life as a mathematical curiosity as an invariance of classical equations like the 
Maxwell equations, conformal symmetry has now become central to understanding the nature of 
quantum field theories through renormalisation group fixed points [1]. Our modern understanding 
of critical phenomena is based on CFTs. Techniques of CFTs are vitally important to string theory 
where conformal symmetry manifests itself as a gauge symmetry on the worldsheet, viz. the Weyl 
invariance of the classical string action. Over the last decade, CFTs have also been used extensively 
to understand holography and the gauge/gravity correspondence [2]. 

The conformal symmetry on the closed string world sheet is 2 dimensional and it is in these 
dimensions that CFTs are at their most powerful [3] . The underlying symmetry algebra is enhanced 
to two copies of the infinite dimensional Virasoro algebra. The infinite dimensional nature of 
the Virasoro algebra enables us to fix an enormous amount of the theory under question just by 
symmetry arguments. For example, one does not need a Lagrangian formulation to understand 
important quantities like the correlation functions which are highly constrained and at times even 
fixed by symmetries. 

Recently, another symmetry algebra called the Galilean Conformal Algebra (GCA) has been un- 
earthed in seemingly very different contexts. It was first discussed in relation to the non-relativistic 
limit of the AdS/CFT correspondence [4]. The finite dimensional GCA was constructed as a Inonii- 
Wigner contraction of the relativistic conformal algebra. It was found that the GCA could be 
given an infinite dimensional lift for all space-time dimensions. This also turned out to be related 
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to the symmetries of non-relativistic hydrodynamic equations [5]. In two dimensions, the infinite 
GCA was shown to arise very naturaUy from the contraction of two copies of the infinite Virasoro 
symmetry [6]. Given the vast body of hterature on the techniques of 2d CFTs, this provided a very 
useful route to understanding similar quantities in the context of the 2d GCA. 

The asymptotic symmetries of flat space at null infinity is governed by infinite dimensional 
Bondi-Metzner-Sachs algebras in 4d [7, 8] and in 3d [9]. In a more recent and intriguing development, 
it was found that the 2d GCA was isomorphic to BMS3 and generalisations of the GCA in 3d were 
the symmetries of flat space in 4d. This connection was dubbed the BMS/GCA correspondence 
[10]. Given that the 2d GCA is a contraction of the Virasoro algebra, this meant that the symmetry 
structure of flat space could be understood as a limit of the symmetry structure of AdS [11, 12]. 
This provided support for the idea that flat holography could indeed be understood as a limit of 
usual AdS/CFT ^. An effort to build flat-space holography following this line of thought has met 
with recent interesting successes [13]-[16] and is currently being actively pursued. We should add 
that the efforts so far have been principally confined to understanding the 3d bulk and 2d boundary 
theory. 

In this note, we uncover yet another realisation of the GCA, this time in a limit of string theory. 
Our focus in this note is on the 2d GCA. We find a realisation of 2d GCA as the residual gauge 
symmetry of the tensionless string in the analogue of the conformal gauge. We interpret why the 
2d GCA arises naturally in the tensionless limit of the closed string and plays the same role that 
Virasoro Virasoro plays for the tensile closed string theory. 

The tensionless limit of string theory has been of interest ever since it was discussed by Schild 
[17] nearly four decades ago. The limit is expected to probe the properties of string theories at very 
high energies much like the massless limit of particle theory probes the short-distance behaviour of 
ordinary field theories ^ . The spectrum of tensile string theory includes an infinite tower of massive 
particles of arbitrary spin. In the tensionless limit, all these particles become massless and the 
theory is thought to exhibit higher-spin symmetry. There has been recent renewed interest in this 
subject with the development of new higher spin holographic dualities linking Vasiliev higher spin 
theories in the bulk [19] to theories with enhanced symmetry on the boundary. These are dualities 
which link Vasilcv theory in AdS4 to the 0(N) vector model in 3d [20, 21] and Vasiliev theory on 
AdSs to the large N limit of Wn minimal models in 2d [22]. It has also long been believed that the 
tensionless limit of type IIB string theory in AdSs x should reduce to a higher spin gauge theory 
[23, 24]. 

While a large body of recent literature has emerged building on the higher-spin holographic 
dualities (see e.g. [25] for the developments in the 3d-2d duality), there has been limited progress 
in understanding concretely the link between tensionless string theory and these higher spin struc- 
tures'^. This, we believe, is due to a lack of structure in the study of tensionless strings. In the 
usual tensile string theory, the methods of 2d conformal field theory were instrumental in helping 

^The contraction that is relevant to flat holography is actually ultra-relativistic as opposed to the non-relativistic 
case we described earlier. The magic of two dimensions means that the contracted algebras in both these limits are 
isomorphic. 

^There have been numerous papers which have addressed this subject over the years. We would like to mention 
that we are not attempting a historical account here and would only refer to papers which are of direct relevance to 
our work. We apologise in advance for any accidental oversight of potentially related older work. 

^See, however, [36]. Near the end of this paper, we discuss the relation of our work to the literature following [36]. 
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the community achieve its current understanding. This was pioneered by development of the organ- 
isation principle in the seminal work by Friedan, Martinec and Shenker [26]. We believe that the 
methods of 2d GCAs can have a similarly useful role to play in understanding the various aspects 
of tensionless strings. 

The fact that the 2d GCA emerges as a contraction of the Virasoro algebra has been exploited 
in [6] to show that one can learn many things about the field theories governed by the GCA (we 
shall henceforth call them Galilean Conformal Field Theories or GCFTs) by looking at proper 
limits of the corresponding answers from 2d CFTs. With the details of the limiting procedure at 
our disposal, we can look to construct all the tools needed to build the theory of tensionless strings 
in the same spirit as the 2d CFT was used to build the theory of tensile strings in the conformal 
gauge. 

In this note, we outline the first steps to this programme. In Sec 2, after a review of the 
construction of the action and symmetries of the tensionless limit of the closed bosonic string 
following [27], we show how the symmetries arise as a contraction of the symmetries of the tensile 
string. We also construct the energy-momentum tensor of the GCFT as a first step to understanding 
the spectrum of the tensionless string in this gauge. In Sec 3, we point out the similarities to the 
point-particle contraction and propose a "duality" between the two extreme pictures. We further 
substantiate our claim by looking at the theory on a cylinder. In Sec 4, we comment on possible 
links to flat-space holography and conclude with some discussions about future directions. 

2. Tensionless Strings 

2.1 Classical Tensionless Closed Strings 

We start off with a description of the classical theory of tensionless strings following [27]. We would 
focus on the symmetries of the Nambu-Goto action in the tensionless limit. 

^ = -T j d^W~ det7„/3 (2.1) 
where a-re world volume coordinates, T is the tension and is the induced metric 

= a„x™a^x"77,„„. (2.2) 

X" are the spacetime co-ordinates of the string and rjmn is the flat background metric. The 
generalised momenta derivable from the above action is given by 

Prn = T^-f'^'d^Xra (2.3) 

They satisfy the constraints 

p2 + T^jj"° = 0, PmdaX"" = (2.4) 
which make up the Hamiltonian of the system 

H = A(p2 + r2^/0) + p^P^^daX"". (2.5) 

Here A, p" are the variables conjugate to the constraints in the Dirac formulation. The action after 
integrating out the momenta becomes [27] 



2 ^ 2A 



X' - 2p"x"9„x™ + p-p'dbX^daXm, - 4A2T27700 



(2.6) 
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If we identify 



-1 p 



(2.7) 



we can recast the action (2.6) in the familiar Weyl invariant form 

^ = -| y d2^^/^g"^a„X'"a^X"77„„. (2.8) 

The tensionless hmit can be taken at various steps in the above. The point to keep in mind is that 
the metric density T^J—gg"^ would degenerate in the limit. One can replace this by a rank one 
matrix that can be written as V^V^ where V" is a vector density 

V^^-^ihp'^) (2.9) 

The action in the T — >■ limit then becomes 

S = J d^^ VV^daX'^dpX^r^^^. (2.10) 

The action of the tensionless string is invariant under world-sheet diffcomorphisms. And as usual, 
one needs to fix a gauge. It is particularly useful to look at the tensionless action in the analogue 
of the conformal gauge for the tensile string. 

V°' = {v,0) (2.11) 

where w is a constant. Just as in the tensile case, there is a residual symmetry that is left over after 
this gauge fixing. This is going to be the primary focus of our note. In the tensile case, the residual 
symmetry in the conformal gauge is two copies of the Virasoro algebra for the closed string. This 
infinite dimensional symmetry structure has been central to understand the theory of usual tensile 
strings. Following [27], we first construct the form of the residual symmetries of the tensionless 
string in this gauge. The residual symmetries take the form 

5^" = A", A" = (/'(a)r + .g(a),/(a)) (2.12) 

where /, g are arbitrary functions of a. Defining the generators 

L{f) = f'{<j)Td, + f{a)d„, M{f)^f{a)dr (2.13) 

the symmetry algebra takes the form 

[i(/l),i(/2)] = i(/l/2 - /2/O, [M(ffl),M(ff2)] = 0, 

[L{f),M{g)]^Mifg'-gf). (2.14) 
Fourier expanding f,g as /(cr) = X]""^""^' 9i'^) — S^"^™'^ S*^* 

Hf) = Y^a^e'^^id^ + inrdr) = -*^a„L„, (2.15) 

n n 

M{g) = bne""'dr = -i ^ 6„Af„ (2.16) 

n n 

The symmetry algebra which is the residual symmetry in the analogue of the conformal gauge of 
the tensionless string then in terms of the Fourier modes defined above takes the form: 
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[L„i, Ln] = (to - n)Lm+n + CiTO(m^ - l)5jn+n,0, [Mm, M„] = 0. 

[Lrn, A/„] = (to - n)Mm+n + C2TO(m^ - l)(5„+„,o- (2-17) 

Here Ci,C2 are the most general central charges that are consistent with Jacobi identities. [27] 
mentions that in the simplest limit both of these would be zero. We recognise (2.17) as the Galilean 
Conformal Algebra in two dimensions [6]. 2d GCA is known to arise from a contraction of two 
copies of the Virasoro algebra. In the next sub-section, wc discuss how this contraction is very 
naturally connected to the tensionless limit of string theory. 

2.2 Tensionless limit and the emergence of 2d GCA. 

For the tensile string, two copies of the Virasoro algebra arise as the residual symmetry in the 
conformal gauge gajs = e'^rjap. We shall denote the Virasoro algebra of the tensile string as £„,£„: 

Cn] = (to - n)Cra+n + ^m{inn? - l)(5„i+„,o 

Cn] = 0, [C,ra,Cn] = (to - n)C,n+n + ^^{m'^ - l)5ra+nfi (2-18) 

The world-sheet of the tensile closed string is a cylinder. The residual gauge symmetry is thus best 
expressed as 2d conformal generators on the cylinder. We consider the following vector fields 

£„^ie""^a^, £„ = ie™-a^ (2.19) 

where uj^T-\-a,u) = T — a. These vector fields generate the centre-less Virasoro algebra. 

Now, the tensionless limit of string theory is the limit where the length of the string becomes 
infinite. For the co-ordinates on the world-sheet this is a limit of cr — > cio. Since the ends of a 
closed string are identified, this limit is best viewed as a limit where (cr ^ cr, t er, e 0). We 
shall call this the Ultra-Relativistic (UR) limit. The individual vector fields (2.19) are singular in 
the limit. We shall thus be working with linear combinations of them which behave well under the 
contraction. Let us define 

i„ = M„ = £(£„+£_„)■ (2-20) 

So, in the cylinder co-ordinates, before taking the limit the generators take the following form: 

Cn — C-n = je*"°' [i sin nr dr -\- cos nr da) , Cn + C-n = ie^""^ (cos nr dr + i sin nr &„) (2.21) 

Now we perform the contraction by taking the scaling 

T ^ eT,(j ^ a, where e — J- 0. (2.22) 

The new vector fields (L„, M„) are well-defined in the e — > limit and are given by 

Ln - ze"'"(9^ + inrdr), A/„ = ie"""^^. (2.23) 

We see that these are identical to the form of the generators (2.15) that we had derived earlier 
following [27]. We should also point out that these arc also the form of the generators that are 
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encountered in the flat-Umit of the AdS asymptotic symmetry group, which is an uhra-relativistic 
contraction of the two copies of the Virasoro algebra [11]. 

With the relativistic central charges c, c included in the Virasoro algebra, this leads to the 2d 



CFT has c = c, Ci =0. Also for finite central charges c, c, we would end up with C2 = as well. 

2.3 Central Charges and Critical Dimensions 

The central term in the Virasoro algebra of the closed bosonic string theory points to the existence of 
the conformal anomaly which leads to the unique dimension in which the string needs to propagate 
in order to be consistent. We have noticed above that for the residual symmetries of the tensionless 
string, we have Ci = C2 = 0. The absence of central terms in the algebra would point to the 
fact that tensionless strings would be consistent in any number of dimensions and this absence of 
a critical dimension was earlier noted in [28] and subsequently by others. 

Let us elaborate further. If we want to look at the ultra-high energy behaviour of a particular 
consistent string theory, the central terms in the two copies of the parent Virasoro algebra would 
have to be equal (for the vanishing of the diffeomorphism anomaly) and finite. In that case, the 2d 
GCA, which would govern the tensionless limit of this particular string theory, would have vanishing 
central terms. This particular tensionless theory, on its own, would be consistent in any number 
of dimensions. This is possibly a satisfying outcome. One would not want a particular limit of a 
theory to give an additional constraint on the dimension in which the theory would be consistent 
other than perhaps the original critical dimension. 

On the other hand, we might be interested in a theory of tensionless strings without bothering 
about where the theory came from. In general, this could have non-zero Ci and C2 . If we insist 
on understanding this again as arising from the limit of some theory, this parent theory would 
have pathologies. For generating a non-zero Ci, one could need to start with a parent with a 
diffeomorphism anomaly. To get a non-zero C2, one needs to start with a theory having central 
charges that would scale like 1/e, which means that the parent needs to have an infinite number of 
world-sheet scalar fields. Obviously neither would be a consistent tensile string theory. 

It would be of interest to construct the analogue of the Weyl anomaly calculation for the 2d 
GCA to compare and contrast with the case of the Virasoro algebra. A first step to that would 
be the construction of an energy momentum tensor for the 2d GCFT which is what we do in the 
following sub-section. 

2.4 GCA E-M tensor and Physical State condition 

One of the central objects in the study of conformal field theories is the Energy-Momentum (E- 
M) tensor. The generators of the Virasoro algebra form the modes of the E-M tensor. In the 
construction of the spectrum of the tensile string theory in the conformal gauge in flat space, after 
quantising the world sheet theory as a theory free scalar fields, one imposes the constraint of the 
vanishing of the equation of motion of the metric which has been fixed to be flat. In an operator 



GCA 




For the case where the original 



[M™,M„] = 0. 



(2.24) 
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language this reduces to the statement that the physical states vanish under the action of the modes 
of E-M tensor. This forms the basis of decoupling unphysical negative norm states from the Hilbert 
space. 

In order to build to this goal for the tensionless string, we want to understand how to construct 
the mode expansion of the E-M tensor for the 2d GCFT as a limit of the construction of 2d GET 
^. For this, we start with the energy- momentum tensors for the Virasoro algebra on the cylinder. 

T 1 - z^T I - — - S^ C z"" - — - S^ £, e"'""^ - —■ 

J^cyl — ^' J^plane — l-n^- — 2_^l~'n^ 

n n 

T,,, = ^£„e-™^-^ (2.25) 

n 

Now, the generators are 

Cn^L„ + ^M,, £„ = -(L_„- iAf_„) (2.26) 
We also need to take a contraction of (t — >■ er, a — >■ cr, e — >■ 0) with oj,ui = t ± a. 



T. 



cyl 



E 



- inTMn)e 



e 



e 



Tcyi = ^[-(in - inTMn)e 

n 

So, the energy momentum tensors in the limit of e — >■ are defined by 



c 

24 
c 

' 24 



T(i) = lim f Tcyi - Tcyi j = ^(i„ - inTMn)e 



T, 



(2) 



linr e ( Tcyi 



-T, 



cyl 



(2.27) 
(2.28) 

(2.29) 
(2.30) 



For looking at the spectrum of tensionless strings, we realise that the physical spectrum would be 
restricted by a constraint of the form 

(physlTd) Iphys') - 0, (phys|T(2) |phys') = (2.31) 

which boils down to 

L„ Iphys) = 0, A/„ Iphys) =0 for n > (2.32) 

There is a subtlety which one needs to keep in mind here. The energy momentum tensor of any 
system is best defined as the variation of the action under changes of the metric. As we shall see 
later, the metric on the worldsheet in this tensionless limit is degenerate. This is reflected in the 
above analysis as we see that the E-M tensor r(2) needs to be defined with a factor of e to render 
it finite. This would be associated with the component of the world-sheet metric which vanishes in 
the limit. 



*The construction here is similar to the one outlined previously in [29], but the details are different as the limit 
is an ultra-rclativistic one here in contrast to the non-rclativistic one discussed in [29]. 
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3. The "Dual" frame 
3.1 The other contraction 

For the purposes of this note, we have confined ourselves to a Euclidean world-sheet and we shall 
continue to do so. As far as local properties are concerned, the 2d CFT of the tensile string treats 
T and a on an equal footing. So it should also treat contractions of the two directions equally, i.e. 
a contraction (r, a) — >■ (er, a) or the other viz. (r, a) — )■ (r, ecr) should yield the same local physics. 
This implies that the symmetry structures, especially the symmetry algebra should be the same in 
these two different limits. We have already seen how the GCA emerges from the Virasoro algebra 
when one takes (t, a) — ?► (er, a) on the generators of the Virasoro algebra on the cylinder. Now, 
let us consider the other contraction (r, cr) — > (r, ecr). We shall call this the Non-Relativistic (NR) 
limit. We define 

Ln^Cn + Cm M„ = e(£„ - £„) (3.1) 

where CmCn are defined by (2.f9). Taking the limit e — > 0, it can be shown that the expressions 
for the limiting generators take the form 

in = ie"'^{dr + inad^), = ie™^9^. (3.2) 

These close to form the 2d GCA. It is also evident that the expressions for the generators (3.2) 
and (2.23) go into each other by a cr o t interchange. It should be noted however that the central 
charges Ci and C2 interchange roles and demanding that the parent CFT has equal left and right 
moving central charges makes C2 = and does not affect Ci. We would like to interpret this as a 
local versus global feature and point to the fact that the global features of the theory would dictate 
what the central charge is. Since we have exchanged a compact direction (cr) with a non-compact 
one (r), one would not expect the global features to match. 

From the above description, it is clear that the tensionless limit of the closed string, where the 
string becomes extremely long, should have features very similar to the other extreme limit, the 
point-particle limit of string theory. This is a striking feature and is explicitly exemplified by the 
equations of motion of the tensionless string in this analogue of the conformal gauge. From the 
action (2.10), one can derive the field equations. These are [27] 

VP-i^p=Q, d^{V''Vf'dpX^) = Q (3.3) 

Let us for now focus on the second equation in (3.3). This is best interpreted in the "conformal" 
gauge (2.11) where it becomes 

a^^x™ = 0, {drXf = drXd^X = 0. (3.4) 

This implies that the string in this limit behaves like a collection of massless point particles. This 
ties in nicely with the "dual" picture of the equivalence of the two contractions. The point-particle 
like nature of the tensionless is further illustrated by the emergence of a space-time conformal 
symmetry from the action. For details on this, the reader is referred to [27]. 

Let us return to the first of the equations of motion (3.3). This implies that the matrix has 
an eigenvector with eigenvalue zero and hence is a degenerate matrix. The surface of propagation 
of the tensionless string is thus a null hypersurface. This is why the tensionless string was originally 
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called the null string. The fact that the metric defining the worldsheet of the tensionless string is 
degenerate is also something that one can understand from the symmetry structure, viz. it is a 
property of the 2d GCA. 

The Galilean Conformal Algebra is naturally associated with degenerate metrics. It has been 
well known that the process of contraction leading to the GCA is not a smooth limit on the metric 
of the spacetime. This is analogous to the behaviour of the Minkowski metric in the c — > oo limit 
(c is the speed of light) : 

7r -diag(-^,l,l,...), 7?^, =diag(-c2,l,l,...) (3.5) 

This degeneration is well known and the way around this apparent singular spacetime description 
is to understand that the metric is not the correct dynamical variable to use in this context. One 
can either work in terms of the dynamical connection [30, 4], or in terms of the co-mctric [31]. In 
case of the non-relativistic limit of flat-space, the manifold, called the Galilean manifold, is endowed 
with a fibre-bundle structure with the time axis Rt as the base and d-dimcnsional spatial fibres 
which arc endowed by a spatial metric 6ij. 

As is obvious from the above discussion, the ultra-relativistic limit c — would work in a 
similar way with an exchange of roles of the spatial and temporal directions. This is the limit to 
look at for understanding flat space holography. We have mentioned that 3d flat-holography is 
linked with the 2d-GCA. This feature of the degeneration of the metric was also something one 
encountered there. The dual field theory of flat space, governed by the symmetries of the 2d-GCA, 
would exist on the null boundary of flat space . The metric on this null surface is also obviously 
degenerate. 

In the light of the above discussion, it may be of interest to re- formulate the theory of tensionless 
strings in terms of the connections on the world-sheet instead of the metric and understand the 
emergence of the E-M tensors defined previously in terms of this structure. 

3.2 Equivalence of Contractions: Theory on a Torus 

We mentioned that on a Euclidean world-sheet the theory does not distinguish between time and 
space and hence should not distinguish between the two different contractions mentioned. The 
local properties should be the same and this is reflected by the symmetry algebra. But since one is 
trading a contraction in a compact direction with a contraction in a non-compact direction, there 
would be global properties which would differ between the two limits. This distinction is also lost 
when we take the time direction to be compact or we consider the theory on a torus. In this section, 
we present a non-trivial check in support of this statement. We demonstrate that for the theory 
on a torus, the two limits give the same asymptotic counting of states, i.e. reproduce the same 
Cardy-like formula for the 2d GCFT^. 

Our analysis would be a calculation inherently in the GCFT and the only input from the fact 
that the GCA is obtained as a limit of the two copies of the Virasoro algebra would be in identifying 
the modular invariance of the GCFT. We would assume that the partition function of the GCFT 
inherits a modular invariance from the parent 2d CFT it comes from. 

^The formulae have been derived earlier for the non-relativistic limit in [33] and for the flat-limit in [14], This 
section is an explicit demonstration of the equivalence of the two formulae. 
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UR Limit : Here we first consider the limit we first discussed in Sec 2 where the GCA generators 
are mapped to the Virasoro generators by (2.20). The states in the 2d GCFT are labelled by the 
eigenvalues of Lq , Mq [32] . 

Lo\hL,hM) = hL\hL,hM). Mn\hL,hM) = hM\hL,hM) (3.6) 

In this limit, (/i/,, /ij\/) are mapped to the original eigenvalues of Cq^ Cq, {h, h) by 

hL^h-h, hM = e{h + h). (3.7) 

In the analysis of the Cardy-like formula, we start with the CFT partition function and re-write it 
in the "GCA-basis". 

ZcpT = Tre^^^^-'e-^'^f^"" = ^ dc^h, h)e'^"'^^''-^'^^ = d(/iL, /^M)e^"(''''^+ « ''"^ (3.8) 
C, C the modular parameters of the original 2d CFT. Above we have relabelled 

2r; = C + C. 2/7 = C-C (3.9) 
The S-transformation in the original CFT is C — > — ^ and ^ ^ —~. This transforms to 

2^2 2 ^ 2 (^-l*^) 

We demand that the partition function of the parent CFT reduce to the GCFT partition function 
smoothly. This implies that p has to scale for (3.8) to stay finite in the limit. 

ZcFT -^-^ ZacFT ^ p^ ep (3-11) 

We note here that p is the variable associated with Mq. Mq = is the generator of world-sheet time 
translations and hence the world-sheet Hamiltonian. This is scaled in the limit and it necessitates 
the scaling of p which is like a world-sheet temperature. The S-transformation of the GCFT which 
is inherited from the parent CFT (3.10) thus reads: 

{ri,p)^(--,^) (3.12) 
The basic result would hinge on the invariance of quantity 

ZGCFTiv,p) = Tr e2-*''(^«-^)e2'^*''(^^«-^) = e^'^^'^'+P^'^ ZocFTiv, p) (3-13) 
under the inherited S-transformation of the GCFT. Here 

Zoctt{v,p) = Tr e^'^^^-^V^'^*''*^" = ^ d(/iL, /iA/)e2"''''^e2'^*''''" (3.14) 
In this limit, the modular invariance reads 

^gcft('?>P) = ^gcft( - 4 ) (2-^^) 
V V V J 

The main observation is now that wc can translate this into statements for the partition function. 



Za 



,(,y,p)=e2'^^''*e2-^^*e-2''^(-^)^e-^"(^)'^Zoe..f--,4') (3.16) 

V V V J 
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By doing an inverse Laplace transformation, one can find the density of states which was defined 
previously above in (3.14). 

d{hL,hM)^ y^r/dp e2"/i("-'')z(^- J,-^^ (3.17) 



hiv^p) = -TT + -W + TTT - TTT ^ hLil-liMp. (3.18) 



where 

Ci?7 C2P_ I ^ _ 
2 2 2r/ 2r;2 

In the limit of large charges, the above integration (3.17) can be performed by the method of 
steepest descents and the value of the integral is approximated by the value of the integrand when 
the exponential piece is an extremum. The saddle-point approximation used here is valid when one 
has an integrand with a rapidly varying phase and a slowly varying prcfactor. So, one assumes that 
the partition function is slowly varying at the extremum. This can be checked. In the limit of large 
charges, the fmiction fi{ri,p) is approximated by: 

^) ^ ^ ^ ^ ^ '^lV - HmP- (3.19) 
The extremum of this is evaluated and the value at the extremum is given by 



A™^^ (^, p) = ( ^/ ^ + y ) . (3.20) 



The Cardy-like formula for the GCA in this limit is given by 



5(1) = lnd(/iL,/iA/) = ^ 



2hM 



(3.21) 



NR Limit : We now look at the other limit (3.1) by which one can construct the GCA from the 
2d CFT. In the contraction of this linear combination leads to states labelled in the same way as 
(3.6), but now with a different identification of the eigenvalues in terms of the parent eigenvalues. 

hL^h + h, hM ^ e{h~h). (3.22) 

Again we look at the partition function in the changed basis: 

ZcpT = Tre2'^«^°e-2'^f^"° = ^ (icpT(/i, /i)e^''*('^''"^"'') =J2Mhi.,h^)e^''''-P''^+'^''^^ (3.23) 

where 77, p are defined as before (3.9). Demanding that this be finite in the limit e — > now means 
that 77 needs to scale (77 — > £77) and the inherited modular transformation has the form 

5:(77,p)^ (^^,-1) (3.24) 

The analysis that leads to the Cardy-like formula in this case is identical to the one discussed earlier. 
We state the main results. The density of states takes the form 

diihL,hM) = j di^dp e'^'f-^'^p'>Z^^,^(^^,~-^. (3.25) 
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where 




hLP - hMV- 



(3.26) 



Maximising the above function in the hmit of large charges and then computing the integral (3.25) 
in the saddle point approximation and taking its logarithm we arrive at the Cardy-likc formula in 
this limit. 



We see that this is identical to (3.21), the Cardy-like formula in the other limit. It is also obvious 
that the full analyses of the Cardy-like formulae in the two limits are identical with & rj p swap. 

3.3 Utility of Duality 

One of the great successes of string theory is the utilisation of its web of dualities which link the 
various string theories. Very complicated calculations can be rendered simple by mapping to a 
particular duality frame. The expectation is that the duality that we have proposed here between 
the two contractions of the world-sheet leading to the tensionless (UR) limit and the point-particle 
(NR) limit would have a similar usefulness. Let us mention one such instance here. 

We have seen that in the UR limit, the generators of the 2d GCA are a combination of creation 
and annihilation operators of the original CFT (2.20). This is however not the case in the NR 
limit (3.1). When one looks to understand the representation theory in terms of primary operators 
defined in the GCA in analogy with the constructions of the 2d CFT, if one is interested in a 
construction where the Virasoro primaries descend naturally to GCA primaries, it is thus much 
more useful to look at the NR limit as opposed to the UR limit. 

Before closing this section, let us mention another point. We have derived the Cardy formulae 
of the two limits by demanding there exist modular transformations inherited from the parent 
CFT. The two limits give two different theories which are governed by the symmetries of the 2d 
GCA. Let us call them GCFTi and GCFT2. The contracted modular transformations e.g. S- 
transformation (3.12) exists within GCFTi and similarly (3.24) exists in GCFT2. Usually, in string 
theory, when one considers say the one-loop amplitude, one integrates over the modulus of the torus, 
thus summing over world-sheet tori of all kinds linked by SL{2, Z) transformations. We might be 
concerned that while looking at contracted geometries in the two limits, we should be summing over 
these solutions and not treated them as "duals" . This apprehension is however unfounded. The 
two contracted versions of the modular transformations in the two limits are linked by a 77 o p flip. 
This is not a transformation in the original SL{2, Z) modular group. (It is actually a conformal 
transformation, but not a global one.) So when looking at 1-loop amplitudes, we should not be 
summing over these two different classes of contracted tori. 

4. Comments and Future directions 
4.1 Connections to Flat-space Holography 

The spacetime symmetry, or in more precise words the asymptotic symmetry group of AdSa is two 
copies of the infinite dimensional Virasoro algebra. As is well known, and as we have mentioned 
earlier in this note, 2d-conformal symmetry also arises in the world sheet of the tensile string theory 
as a residual symmetry in the conformal gauge. It is natural to wonder if one could relate these two 




(3.27) 
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symmetry structures by looking at strings propagating is AdSsig) X^. The objective is to understand 
whether the symmetries of string theory can induce the symmetry structure of the spacetime in 
which it propagates. This was attempted in the seminal papers [34, 35]. In the limited context 
of Type II B string theory on AdSs® S^® T'*, this is said to provide a proof of the AdS/CFT 
correspondence. 

The asymptotic symmetries of flat space in three dimensions at null infinity is the infinite 
dimensional BMS3 algebra. This was recently shown to be isomorphic to the 2d GCA [10] and 
this has lead to an endeavour to build flat space holography as a limit of the usual AdS/CFT 
correspondence [11]-[15]. We have seen in this note that the 2d GCA also arises as the residual 
symmetries of the tensionless string. In light of the above discussion of a "derivation" of the 
AdS/CFT correspondence from world-sheet symmetries [34, 35], it is natural to ponder on similar 
consequences for flat holography. Given that the symmetries of the tensionless strings and 3d flat 
space match in the same way as that of the tensile strings and AdSs (and both are ultra-relativistic 
contractions), it is tempting to speculate that a construction similar to [34, 35] for the tensionless 
strings may be a potential route to "proving" our version of fiat-holography. We hope to report on 
this issue in the near future. 

4.2 Summary 

In this note, we have shown how the symmetries of the tensionless strings in the analogue of the 
conformal gauge arise as a contraction of the Virasoro symmetries of the tensile closed bosonic 
strings. We have stressed that the 2d GCA would play a vital role in the systematic construction 
of the various properties of the tensionless string, very similar to the one played by 2d CFTs in the 
case of the usual string theory. We have commented on the apparent lack of a critical dimension. 
We have taken a preliminary step in organising the tensionless spectrum by constructing the E-M 
tensor of the GCA in this limit. 

We have also proposed a duality between the tensionless limit and the point-particle limit by 
appealing to the symmetry of the contractions on an Euclidean world-sheet. This is reinforced by 
the old observation of the behaviour of the tensionless strings as a bunch of massless particles. The 
symmetry algebras in both limits are the same, viz. the 2d GCA. We have furthered this claim of 
duality between the limits by looking at the theory on a torus and demonstrating that the analogue 
of the Cardy formula inherited by the 2d GCA in both limits is one and the same. 

4.3 Future Directions 

There are numerous avenues for immediate investigation following the observations that we have 
just made in this note. Let us list a few of them below. 

As we have stressed, now with the organising principle in place, we should be able to derive 
the spectrum of the tensionless closed string in a covariant way analogous to the case of the tensile 
string theory. There have been previous attempts at this in the literature, mainly in a light-cone 
formulation. It would be of interest to match our results which would use the techniques of the 2d 
GCA to the results that already exist. It would also be good to understand how the spectrum of 
tensile closed strings goes over to the tensionless spectrum explicitly in the limit. 
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The construction of the equivalent of the Weyl anomaly for the 2d GCA is an important 
problem. It would enable us understand whether there can be a critical dimension of the tensionless 
string when we analyse it without reference to any parent well-behaved string theory. 

There are obvious generalisations to which we should extend our analysis. The case of open- 
strings and D-branes is of prime importance. This may require some new insight as there we would 
have only one copy of the Virasoro algebra to work with and there is no obvious candidate of a 
non-trivial contracted algebra. It is possible that this would lead to a "chiral"- truncation of the 
GCA down to its Virasoro sub-algebra. The extension to the closed superstring should be relatively 
straight-forward with the symmetry algebra being the contraction of the super- virasoro, which is 
called the 2d SGCA [38, 39]. 

We should mention here that there exists an extensive body of work which needs re-examination 
in light of our findings in this note. This body of work along the lines of [36] uses a contraction of 
the open-string algebra for a BRST quantisation of the tensionless open strings. We would like to 
remind the reader that it was the full 2d CFT which was responsible for the organisation principle 
of string theory and hence it is the closed string sector that needs to be understood first even in the 
context of the tensionless strings. What emerges as the symmetries of the closed tensionless string 
is not just two copies of the "trivial" contraction of a Virasoro algebra but a limit on the linear 
combination of both copies of the Virasoro algebra in the 2d CFT which gives rise to the 2d GCA. 
We believe that the BRST quantisation of the tensionless string should be more correctly done by 
constructing the BRST charge of the 2d GCA. It would be interesting to see if our present findings 
are in keeping with the analysis of [36]. If both approaches were to be correct, then it would seem 
that the bosonic open and closed strings behave very differently in the tensionless limit. 

We have also briefly commented on aspects of flat-holography that we arc looking to address 
with a construction of an analogue of [34, 35]. It would also be of interest to see whether looking at 
a tensionless limit of the original construction in AdSa [34, 35] can shed some light on the emergence 
of the higher spin dualities in AdS. Here we would also like to remark that there has been interesting 
work in understanding string theory in the zero-radius limit of AdS (e.g. in [40]). This is equivalent 
to constructing a theory of tensionless strings in AdS of a certain fixed radius. The emergence 
of a space-time Virasoro algebra in this limit in AdSa from the world-sheet is heartening [41] and 
provides hope that a more careful analysis could uncover the expected full higher spin symmetry. 

Of particular relevance to the construction of the higher spin symmetry in this context of ten- 
sionless strings is an analysis of WZW models at a critical level [42] . Although there are significant 
steps taken towards this goal in [42] and subsequently in [43], the analyses suffer from what the 
authors claim to be the singular nature of the CFT in the limit. We arc of the opinion that the 
problems arise because the authors work in a domain where the original CFT2 is not a valid symme- 
try structure and has to be replaced by the 2d GCA. The approach to the critical level in the WZW 
model would lead to a contraction of the Virasoro algebras. We are hopeful that a reconsideration 
of [42, 43] in the light of the symmetries of the 2d GCA would be the correct path to follow in this 
endeavour. We hope to report on these intriguing issues in the near future. 
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